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Abstract
We show that a Riemann domain Ω over a symmetrically regular Banach space E admits holomor-
phic extension to pseudo-convex domains over E′′ with respect to two natural spaces of holomorphic
functions of bounded type on Ω .
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There are many classical results in several complex variables theory on the construc-
tion of the envelope of holomorphy of a domain Ω ⊂ Cn with respect to an subalgebra
A⊂ H(Ω), the set of all holomorphic functions on Ω . Similar results have been obtained
in the Banach space setting but mainly for H(Ω). In examining the spectrum of Hb(Ω),
the space of holomorphic functions of bounded type on the open subset U of the Banach
space E, Aron, Galindo, García, and Maestre show that Sb(U), the spectrum of Hb(Ω),
could be endowed with the structure of a Riemann domain over E′′ when E is symmetri-
cally regular [2]. We continue this line of investigation but found it convenient to begin with
a Riemann domain Ω . We show that Sb(Ω) is a domain of holomorphy with respect to the
space of all holomorphic functions when the underlying space E is symmetrically regular.
The question of whether or not it is also a domain of holomorphy with respect to Hb(Ω)
* Corresponding author.
E-mail address: milena.venkova@ucd.ie (M. Venkova).0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.04.011
646 S. Dineen, M. Venkova / J. Math. Anal. Appl. 297 (2004) 645–658turned out to be more complicated and led us to consider Hd(Ω), the space of holomor-
phic functions on Ω which are bounded on all balls which lie strictly inside Ω . We always
have Hb(Ω) ⊂ Hd(Ω) and we give examples where we have equality and where we have
inequality. When E is symmetrically regular we show that Sd(Ω), the spectrum of Hd(Ω),
can be identified with a pseudo-convex open subset of Sb(Ω) and that all f ∈ Hd(Ω) can
be extended to holomorphic functions in Hd(Sd(Ω)). In addition, if E is separable, then
Sd(Ω) is a domain of holomorphy with respect to Hd(Sd(Ω)).
1. Let E denote a Banach space over the complex numbers C and let B(x, r) = {y ∈ E:
‖x − y‖ < r}. Let JE denote the canonical mapping from E into its bidual E′′. For n
a positive integer let P(nE) denote the space of continuous n-homogeneous polynomi-
als on E endowed with the topology of uniform convergence over B := B(0,1), and let
Ls (nE) denote the symmetric n-linear mappings on E endowed with the topology of uni-
form convergence over Bn. Let Pˇ denote the symmetric n-linear mapping associated with
P ∈ P(nE).
Definition 1.1. A Riemann domain spread over a Banach space E is a pair (Ω,p) con-
sisting of a Hausdorff topological space Ω and a local homeomorphism p : Ω → E. A set
V ⊂ Ω is a chart in Ω if it is open and p|V is a homeomorphism. If V is a chart and
p(V ) = B(p(x), r), we denote V by BΩ(x, r).
If x ∈ (Ω,p) let
dΩ(x) := sup
{
r > 0: there exists V, a neighbourhood of x in Ω,
such that p|V : V → B
(
p(x), r
)
is a homeomorphism
}
.
We call dΩ(x) the distance of x to the boundary. A subset A of (Ω,p) is Ω-bounded if
p(A) is a bounded subset of E and dΩ(A) := inf{dΩ(x): x ∈ A} > 0. If A ⊂ (Ω,p) and
0 < r < dΩ(A) let
Dr(A) :=
⋃
x∈A
BΩ(x, r).
If A is Ω-bounded, then so also is Dr(A).
Definition 1.2. A function f : (Ω,p) → C is holomorphic if, for each chart (U,p) in Ω ,
f ◦ p|U−1 ∈ H(p(U)). The space of all holomorphic functions on (Ω,p) is denoted by
H(Ω). If x ∈ U we let
d̂nf (x)
n! :=
d̂n(f ◦ p|U−1)
n!
(
p(x)
)
.
Let
Hb(Ω)=
{
f ∈ H(Ω): ‖f ‖A < ∞ for every Ω-bounded set A
}
.
The functions in Hb(Ω) are called holomorphic functions of bounded type. The sequence
(Bn)n, where Bn = {x ∈ Ω : dΩ(x)  1/n, ‖p(x)‖  n}, forms a fundamental sequence
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convergence on Ω-bounded sets is a Fréchet space. If f,g ∈ Hb(Ω), then f · g ∈ Hb(Ω)
and ‖f · g‖A  ‖f ‖A‖g‖A for every Ω-bounded set A. Hence Hb(Ω) is an m-convex
Fréchet algebra.
Since E is w∗-dense in E′′, we may consider an operator ˜: L(nE) → L(nE′′):
A˜(x1, . . . , xn) = lim
xα1 →x1
. . . lim
xαn→xn
A(xα1, . . . , xαn)
where (xαj )αj (j = 1, . . . , n) are any bounded nets in E such that limαj→∞J (xαj ) → x ′′j
with respect to σ(E′′,E′). The Aron–Berner extension operator ABn, [1], is the restriction
to the diagonal of the mapping P → ˜ˇP . The operator ABn :P(nE) → P(nE′′) is linear and
isometric [3], and for every subset A of E and every convex balanced subset B of E, [5],∥∥ABn(P )∥∥A+B◦◦  ‖P‖A+B (1)
for all P ∈ P(nE). By [2, pp. 550–551] the mapping(
d̂nf
n!
)
a
: x →
[
ABn
(
d̂nf (x)
n!
)]
(a)
is a holomorphic mapping of bounded type on Ω for any a ∈ E′′ and any f ∈ Hb(Ω).
If A is Ω-bounded, then for 0 < r < dΩ(A),∥∥∥∥( d̂nfn!
)
a
∥∥∥∥
A
= sup
x∈A
∣∣∣∣[ABn( d̂nf (x)n!
)]
(a)
∣∣∣∣ sup
x∈A
∥∥∥∥ d̂nf (x)n!
∥∥∥∥ · ‖a‖n
=
(‖a‖
r
)n
sup
x∈A
‖f ‖BΩ(x,r) 
(‖a‖
r
)n
‖f ‖Dr (A). (2)
Definition 1.3. If (Ω,p) is a Riemann domain over a Banach space E, the spectrum
of Hb(Ω), Sb(Ω), is the set of non-zero continuous multiplicative linear functionals on
Hb(Ω).
If ϕ ∈ Sb(Ω), then there exists an Ω-bounded set A and c > 0 such that |ϕ(f )| c‖f ‖A
for all f ∈ Hb(Ω). Since ϕ(f n) = ϕ(f )n and ‖f n‖A = ‖f ‖nA for all n, it follows that∣∣ϕ(f )∣∣= ∣∣ϕ(f n)∣∣1/n  c1/n∥∥f n∥∥1/n
A
= c1/n‖f ‖A.
By letting n → ∞, we obtain∣∣ϕ(f )∣∣ ‖f ‖A (3)
for all f ∈ Hb(Ω). When (3) holds we say that ϕ is dominated by A and write ϕ ≺ A.
Let ϕ ∈ Sb(Ω) be dominated by the Ω-bounded set A and suppose 0 < r < dΩ(A). If
n is a positive integer, (2) and (3) imply for a ∈ E ′′ , ‖a‖ < r ,∣∣∣∣ϕ(( d̂nf ) )∣∣∣∣ ∥∥∥∥( d̂nf ) ∥∥∥∥  (‖a‖)n‖f ‖Dr (A).n! a n! a A r
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∞∑
n=0
∣∣∣∣ϕ(( d̂nfn!
)
a
)∣∣∣∣ ∞∑
n=0
(‖a‖
r
)n
‖f ‖Dr(A) =
r
r − ‖a‖‖f ‖Dr(A).
Thus ϕa defined by
ϕa(f ) :=
∞∑
n=0
ϕ
((
d̂nf
n!
)
a
)
is a continuous linear functional on Hb(Ω). Since ϕ and ABn are multiplicative (see
[4, p. 414]), we obtain ϕa(f · g) = ϕa(f )ϕa(g) for all f,g ∈ Hb(Ω). Since ϕa(1) =
ϕ(1) = 1, ϕa is not identically zero and ϕa ∈ Sb(Ω). Using the multiplicative property
of ϕa as in the proof of (3), we can remove the constant and obtain |ϕa(f )| ‖f ‖Dr(A) for
all f ∈ Hb(Ω).
In our investigations we need an extra condition on E.
Definition 1.4. Let A ∈L(2E), we call A Arens regular if
lim
xα1→x1
lim
xα2→x2
A(xα1, xα2) = limxα2→x2 limxα1→x1 A(xα1, xα2),
where (xαj )αj are any bounded nets in E such that limJ (xαj ) → x ′′j with respect to
σ(E′′,E′). If every A ∈ Ls(2E) is Arens regular, E is called symmetrically regular.
Let ϕ ∈ Sb(Ω) be dominated by the Ω-bounded set A, we let
Vϕ,r :=
{
ϕa: a ∈ E′′, ‖a‖< r
} (4)
for every r < dΩ(A). The following proposition is essentially given in [2, Theorem 2.2].
Proposition 1.5. Let E be a symmetrically regular Banach space and let (Ω,p) be a
Riemann domain over E. The family V = {Vϕ,r : ϕ ∈ Sb(Ω)} is a neighbourhood basis
for a Hausdorff topology on Sb(Ω). If ϕ is an element of Sb(Ω) and ϕ ≺ A for some
Ω-bounded set A, then
dSb(Ω)(ϕ) = sup
{
dΩ(A): ϕ ≺ A
}
.
By [2, Proposition 2.3] symmetric regularity of E cannot be omitted in Proposition 1.5.
For the sake of completeness we describe the Riemann structure on Sb(Ω). If ϕ ∈ Sb(Ω)
let
wϕ : ξ ∈ E′ → ϕ(ξ ◦ p).
If ϕ ≺ A, where A is Ω-bounded, then∣∣wϕ(ξ)∣∣= ∣∣ϕ(ξ ◦ p)∣∣ ‖ξ ◦ p‖A = ‖ξ‖p(A)
for all ξ in E′. Hence wϕ ∈ E′′. If g ∈ E′, then g◦p ∈ Hb(Ω). If u ∈ E′′ and ‖u‖ < dΩ(A),
then, by the uniqueness of Taylor series expansions, we have(
d̂n(g ◦ p)
n!
)
u
(x) =
[
ABn
(
d̂ng(p(x))
n!
)]
(u) =
{
g ◦ p(x), n = 0,
g(u), n = 1,
0, n > 1.
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(wϕu −wϕ)(g) = ϕu(g ◦ p) − ϕ(g ◦ p) = ϕ(g ◦ p)+ ϕ
(
g(u)
)− ϕ(g ◦ p)
= ϕ(g(u)).
Since g(u) is a constant function on Ω , we have that ϕ(g(u)) = g(u)ϕ(1Ω) = g(u) and
consequently (wϕu −wϕ)(g) = g(u) = u(g) for any g ∈ E′. By the Hahn–Banach theorem,
wϕu −wϕ = u. (5)
Let q : Sb(Ω) → E′′ be given by q(ϕ) = wϕ . Let ϕ ∈ Sb(Ω) and suppose ϕ ≺ A where
A is Ω-bounded. If a ∈ E′′ and ‖a‖ < r < dΩ(A), then, by (5), we have q(ϕa) − q(ϕ) =
wϕa −wϕ = a. Hence, q({ϕa : ‖a‖< r}) = B(q(ϕ), r), so q is a local homeomorphism.
2. In this section we investigate (Sb(Ω), q).
Definition 2.1. Let (Ω,p) and (Ω˜, p˜) denote Riemann domains over E and E ′′ , respec-
tively. A continuous mapping θ : (Ω,p) → (Ω˜, p˜) is a morphism if the diagram
(Ω,p) θ
p
(Ω˜, p˜)
p˜
E
JE
E′′
commutes.
Let A⊂ H(Ω).
(a) A morphism θ is called an A-extension of (Ω,p) if for each f ∈ A there exists a
unique f˜ ∈ H(Ω˜) such that f˜ ◦ θ = f .
(b) If each A-extension of (Ω,p) is an isomorphism of Riemann domains we call (Ω,p)
an A-domain of holomorphy.
IfA= H(Ω), we use the terms holomorphic extension and domain of holomorphy in place
of A-extension and A-domain of holomorphy, respectively.
The point evaluations δx : Hb(Ω) → C, defined by δx(f ) := f (x), induce a mapping
δ : Ω → Sb(Ω) where δ(x) := δx , and we have the following diagram:
Ω
δ
p
Sb(Ω)
q
E
JE
E′′.
(6)
If x ∈ Ω , then q ◦ δ(x)= q(δ(x)) = wδx . Let g ∈ E′, then [JE ◦p(x)](g) = [JE(p(x))](g)
= g(p(x)). On the other hand, wδx (g) = δx(g ◦ p) = g(p(x)), so [JE ◦ p(x)](g) = [q ◦
δ(x)](g) for every g ∈ E′. Hence JE ◦ p(x) = q ◦ δ(x) for every x ∈ Ω , i.e., diagram (6)
commutes.
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exists f ∈ Hb(Ω) such that
f (x) 
= f (y).
Proposition 2.2. If (Ω,p) is a Riemann domain over a symmetrically regular Banach
space E, then the mapping δ is a local homeomorphism from (Ω,p) into Sb(Ω). If δ is
injective, then (Ω,p) is Hb-separated.
Proof. Let x ∈ Ω and δx ≺ A, A Ω-bounded. If 0 < r < dΩ(A), y ∈ BΩ(x, r), and f ∈
Hb(Ω), then
δy(f ) = f (y) =
∞∑
n=0
d̂nf (x)
n!
(
p(y)− p(x))
=
∞∑
n=0
[
ABn
(
d̂nf (x)
n!
)](
JE
(
p(y)− p(x)))= ∞∑
n=0
(
d̂nf
n!
)
JE(p(y)−p(x))
(x)
=
∞∑
n=0
δx
((
d̂nf
n!
)
JE(p(y)−p(x))
)
= (δx)JE(p(y)−p(x))(f ).
Hence δ({y ∈ Ω : p(y) ∈ B(p(x), r)}) = {(δx)y : p(y) ∈ B(p(x), r)} and δ is a local home-
omorphism. The mapping δ is injective if and only if for each pair of distinct points
x, y ∈ Ω there exists f ∈ Hb(Ω) such that
f (x) = δx(f ) 
= δy(f ) = f (y),
which means that (Ω,p) is Hb-separated. 
For f ∈ Hb(Ω) define the Gelfand transform f˜ : Sb(Ω)→ C by f˜ (ϕ) := ϕ(f ), and let
H˜
(
Sb(Ω)
) := {f˜ : f ∈ Hb(Ω)}.
Proposition 2.3. Let (Ω,p) denote a Riemann domain over a symmetrically regular Ba-
nach space E and f ∈ Hb(Ω). Then
(1) f˜ is an element of H(Sb(Ω)).
(2) Sb(Ω) is Hb-separated.
(3) f˜ ◦ δ = f .
Proof. (1) Let f ∈ Hb(Ω) and ϕ ∈ Sb(Ω). The mapping
Qn : a ∈ E′′ → ϕ
[(
d̂nf
n!
)
a
]
is a continuous n-homogeneous polynomial on E′′. If ϕ ≺ A, A Ω-bounded, and ‖a‖ 
r < dΩ(A), then
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m∑
n=0
Qn
(
q(ϕa)− q(ϕ)
)∣∣∣∣∣=
∣∣∣∣∣ϕa(f ) −
m∑
n=0
Qn(a)
∣∣∣∣∣=
∣∣∣∣∣
∞∑
n=m+1
ϕ
((
d̂nf
n!
)
a
)∣∣∣∣∣

∞∑
n=m+1
(‖a‖
r
)n
‖f ‖Dr(A).
Hence
sup
a∈B(0,r)
∣∣∣∣∣f˜ (ϕa)−
m∑
n=0
Qn
(
q(ϕa)− q(ϕ)
)∣∣∣∣∣=
(‖a‖
r
)m ‖a‖
r − ‖a‖‖f ‖Dr(B) → 0
as m → 0. By [4, 5.11], f˜ ∈ H(Sb(Ω)).
(2) If ϕ and ξ are elements of Sb(Ω) and ϕ 
= ξ , then there exists f ∈ Hb(Ω), such that
ϕ(f ) 
= ξ(f ). Hence Sb(Ω) is Hb-separated.
(3) By definition f˜ (δx) = δx(f ) = f (x) and the diagram
Ω
δ
f
Sb(Ω)
f˜
C
commutes for all f ∈ Hb(Ω). Hence f˜ ◦ δ = f . 
Proposition 2.4. Let (Ω,p) be a Riemann domain over a symmetrically regular Banach
space E. The Riemann domain (Sb(Ω), q) is a domain of holomorphy.
Proof. By [7, Theorem 52.6] it is sufficient to prove that Sb(Ω) is holomorphically sep-
arated and that for each sequence {ϕj }j in Sb(Ω) such that dSb(Ω)(ϕj ) → 0 as j → ∞,
there exists a function F ∈ H(Sb(Ω)) such that supj |F(ϕj)| = ∞.
By Proposition 2.3, Sb(Ω) is holomorphically separated. Let {ϕj }j ⊂ Sb(Ω) such that
dSb(Ω)(ϕj ) → 0 as j → ∞, and suppose supj |F(ϕj)| < ∞ for all F ∈ H(Sb(Ω)). If
f ∈ Hb(Ω), then f˜ ∈ H(Sb(Ω)) and
τ (f ) := sup
j
∣∣ϕj (f )∣∣= sup
j
∣∣f˜ (ϕj )∣∣< ∞.
The mapping τ is a semi-norm on Hb(Ω) and since all mappings ϕj are continuous, τ is a
lower semi-continuous semi-norm on Hb(Ω) [6, 6.3]. Since Hb(Ω) is a Fréchet space, it is
barrelled and hence τ is continuous [6, 21.2]. Hence there exists a positive constant c and
an Ω-bounded set A such that τ (f )  c‖f ‖A for all f ∈ Hb(Ω). Since τ (f n) = τ (f )n
and ‖f n‖A = ‖f ‖nA for all n, it follows that
τ (f ) = τ (f n)1/n  c1/n∥∥f n∥∥1/n
A
= c1/n‖f ‖A.
By letting n → ∞, we obtain τ (f )  ‖f ‖A for all f ∈ Hb(Ω). Hence ϕj ≺ A for all j .
By Proposition 1.5,
dSb(Ω)(ϕj ) dΩ(A),
which is impossible since A is an Ω-bounded. 
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space E. The following are equivalent:
(1) H˜ (Sb(Ω)) ⊆ Hb(Sb(Ω)).
(2) The Sb(Ω)-bounded sets are bounding for H˜ (Sb(Ω)), i.e., if B ⊂ Sb(Ω) is Sb(Ω)-
bounded, then ‖f˜ ‖B < ∞ for all f˜ ∈ H˜ (Sb(Ω)).
(3) For every fundamental sequence of Ω-bounded sets (Bn)n the sets Bˆn := {ϕ ∈
Sb(Ω): ϕ ≺ Bn} form a fundamental sequence of Sb(Ω)-bounded sets in Sb(Ω).
Proof. (1) ⇔ (2). Let f˜ ∈ H˜ (Sb(Ω)). By definition f˜ ∈ Hb(Sb(Ω)) if and only if
‖f˜ ‖B < ∞ for every Sb(Ω)-bounded set B .
(2) ⇒ (3). Let (Bn)n be an increasing fundamental sequence of Ω-bounded sets. By
Proposition 1.5,
dSb(Ω)(Bˆn) = sup
ϕ∈Bˆn
dSb(Ω)(ϕ) dΩ(Bn) > 0.
If ϕ ∈ Bˆn, then∥∥q(ϕ)∥∥= sup
ξ∈BE′
∣∣wϕ(ξ)∣∣= sup
ξ∈BE′
∣∣ϕ(ξ ◦ p)∣∣.
By hypothesis, ϕ ≺ Bn. Hence |ϕ(ξ ◦ p))|  ‖ξ ◦ p‖Bn . Since Bn is Ω-bounded, the set
p(Bn) is bounded in E and consequently∥∥q(ϕ)∥∥ sup
ξ∈BE′
‖ξ ◦ p‖Bn  sup
ξ∈BE′
‖ξ‖p(Bn) < ∞
and Bˆn is Sb(Ω) bounded. Moreover, if ϕ ∈ Bˆn, then |ϕ(f )| ‖f ‖Bn  ‖f ‖Bn+1 for every
f ∈ Hb(Ω). Hence Bˆn ⊂ Bˆn+1 for every n.
To complete the proof we need to show that for every Sb(Ω)-bounded set B˜ there
exists a positive integer k such that B˜ ⊂ Bˆk . By (2), for every f˜ ∈ H˜ (Sb(Ω)) we have
τ (f ) := supϕ∈B˜ |ϕ(f )| ‖f˜ ‖B˜ < ∞. The mapping τ is a semi-norm on Hb(Ω) and since
the mappings ϕ ∈ B˜ are continuous, τ is a lower semi-continuous semi-norm on Hb(Ω).
Since Hb(Ω) is barrelled, τ is continuous and hence there exists a positive constant C and
an Ω-bounded set A such that τ (f ) C‖f ‖A for all f ∈ Hb(Ω). Using the multiplicative
property of τ , we obtain τ (f )  ‖f ‖A for all f ∈ Hb(Ω). Since (Bn)n is a fundamental
sequence of Ω-bounded sets in Ω there exists an integer k such that A ⊂ Bk and hence
τ (f )  ‖f ‖Bk . But τ (f ) = supϕ∈B˜ |ϕ(f )| for all f ∈ Hb(Ω), consequently ϕ ≺ Bk for
every ϕ ∈ B˜ . This means that ϕ ∈ Bˆk and hence B˜ ⊂ Bˆk and (2) ⇒ (3).
(3) ⇒ (2). Let f˜ ∈ H˜ (Sb(Ω)) and B˜ be a Sb(Ω)-bounded set. Then
‖f˜ ‖B˜ = sup
ϕ∈B˜
∣∣f˜ (ϕ)∣∣= sup
ϕ∈B˜
∣∣ϕ(f )∣∣.
Since (Bˆn)n form a fundamental sequence of Sb(Ω)-bounded sets, there exists a positive
integer k such that B˜ ⊂ Bˆk and consequently
‖f˜ ‖B˜  ‖f˜ ‖Bˆk  ‖f ‖Bk < ∞. 
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every f ∈ Hb(Sb(Ω)), hence condition (1) can be replaced with H˜ (Sb(Ω)) = Hb(Sb(Ω)).
3. The results from the previous section suggest that we consider a further space of
holomorphic functions on Ω , intermediate between the spaces Hb(Ω) and H(Ω).
Definition 3.1. Let
Hd(Ω) =
{
f ∈ H(Ω): ‖f ‖BΩ(x,r) < ∞ for every x ∈ Ω and every r ∈
(
0, dΩ(x)
)}
.
The semi-norms ‖f ‖BΩ(x,r) define a topology on Hd(Ω). Although it is a locally m-convex
algebra, Hd(Ω) in general is not a Fréchet space. Since BΩ(x, r) is Ω-bounded when
r ∈ (0, dΩ(x)), we always have
Hb(Ω)⊂ Hd(Ω) ⊂ H(Ω).
Proposition 3.2. Let (Ω,p) be a connected Riemann domain over a separable Banach
space E, then Hd(Ω) is a Fréchet space.
Proof. By [7, Proposition 47.7] or [4, Lemma 5.41], Ω is separable. Let (xn)∞n=1 be a
countable dense subset of (Ω,p), then the set (ξn)∞n=1 := (p(xn))∞n=1 is a countable dense
subset of p(Ω). Let x ∈ Ω and 0 < l < dΩ(x), we can choose l′ such that (dΩ(x)+ l)/2 <
l′ < dΩ(x) and n such that ‖p(x) − ξn‖ < dΩ(x) − l′. Since l < l′, we have BE(ξn, l) ⊂
BE(p(x), l + dΩ(x) − l′) and, as l + dΩ(x) − l′ < dΩ(x) this implies l′ < dΩ(p−1(ξn)).
Moreover, BE(p(x), l) ⊂ BE(ξn, l+dΩ(x)− l′), and as l+dΩ(x)− l′ < l′, we can choose
a rational number r such that l + dΩ(x)− l′ < r < l′. The collection
B = {BΩ(p−1(ξn), r): r ∈ Q, 0 < r < dΩ(p−1(ξn))}
is countable and every ball in Ω is contained in some element of B, hence the semi-norms
‖ · ‖B generate the topology on Hd(Ω). 
Example 3.3. Let E be a Banach space and Ω be an open subset of E such that Ω =⋃∞
n=1BΩ(xn, rn) where 0 < rn < dΩ(xn) (note that if E is separable any open subset of
E is of this kind). We may suppose without loss of generality that dΩ(xn) − rn → 0 as
n → ∞. Suppose dΩ(xn) → 0, then for every ε > 0,
BΩ(xn, rn) ⊂
{
x ∈ Ω : dΩ(x) < ε
}
when n is sufficiently large. Hence
Ωε :=
{
x ∈ Ω : dΩ(x) ε
}⊂ k(ε)⋃
n=1
BΩ(xn, rn)
for some positive integer k(ε). This implies that Hb(Ω) = Hd(Ω) algebraically. If E is
separable and Ω is connected, by Proposition (3.2) and the Open Mapping Theorem,
Hb(Ω) = Hd(Ω) topologically. If x1 = 0, ‖xn‖ = 1 for all n > 1 and r1 = 1, then Ω is
connected.
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(en)
∞
n=1. For each n let An = {λen + (1 − λ)en+1: 0 λ 1}, and
Bn = B
(
en,
1
8
)
∪
(
An + 12nB(0,1)
)
.
Let Ω = ⋃∞n=4Bn, we claim that Hd(Ω) 
= Hb(Ω). It is not difficult to show that
Bn ∩ Bm = ∅ when |n − m|  2. Hence if x ∈ Ω and r < dΩ(x), then BΩ(x, r) ⊂
Bm ∪Bm+1 for some m ∈ N. Consider (ϕn)∞n=1 ⊂ H ′, ϕn(x) = 〈x, en〉. Then
‖ϕn‖Bk := sup
x∈Bk
∣∣ϕn(x)∣∣ 18 + 12n
for all k  n − 2, and ‖ϕn‖B(en,1/16) > 1, for all n ∈ N. We can choose a sequence kn of
positive integers, kn → ∞, such that∥∥ϕknn ∥∥⋃
jn−2 Bj
 1
2n
and
∥∥ϕknn ∥∥B(en,1/16) > 1.
The set A :=⋃∞n=4B(en,1/16) lies strictly inside Ω , however ‖ϕknn ‖A  0 as n → ∞.
Hence ϕknn does not tend to 0 in Hb(Ω).
On the other hand, ‖ϕknn ‖⋃jn−2 Bj → 0 as n → ∞. Since for every x ∈ Ω and r <
dΩ(x) we have that BΩ(x, r) ⊂ Bm ∪ Bm+1 for some m ∈ N, the sequence ϕknn tends to 0
on all balls in Ω , i.e., ϕknn tends to 0 in Hd(Ω). By Proposition 3.2, this establishes our
claim.
Proposition 3.5. Let E be a Banach space, (Ω,p) be a Riemann domain over E and n be
a positive integer. The mapping(
d̂nf
n!
)
a
: x →
[
ABn
(
d̂nf (x)
n!
)]
(a)
is an element of Hd(Ω) for any a ∈ E′′ and any f ∈ Hd(Ω).
Proof. Let f ∈ Hd(Ω), x ∈ Ω . The mapping ((d̂nf )/n)a has a power series expansion
which converges uniformly on every ball in Ω and hence is holomorphic. Let r < dΩ(x).
If 0 < δ < dΩ(x)− r , then BΩ(x, r + δ) is well-defined and hence there exists a constant
M > 0 such that ‖f ‖BΩ(x,r+δ) <M . Hence∥∥∥∥( d̂nfn!
)
a
∥∥∥∥
BΩ(x,r)

(
1
δ
)n
sup
y∈BΩ(x,r)
‖f ‖y+δBE‖a‖n 
(‖a‖
δ
)n
‖f ‖BΩ(x,r+δ) (7)
and ((d̂nf )/n)a is bounded on BΩ(x, r) for every x ∈ Ω and r < dΩ(x), i.e., ((d̂nf )/n)a
is an element of Hd(Ω). 
Definition 3.6. If (Ω,p) is a Riemann domain over a Banach space E, the spectrum
of Hd(Ω), Sd(Ω), is the set of non-zero continuous multiplicative linear functionals on
Hd(Ω).
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positive constants ri < dΩ(xi) for 1 i  k, and c > 0 such that∣∣ϕ(f )∣∣ c‖f ‖Aϕ
for all f ∈ Hd(Ω), where Aϕ :=⋃ki=1BΩ(xi, ri ).
Using the multiplicative property of ϕ, we obtain∣∣ϕ(f )∣∣ ‖f ‖Aϕ (8)
for all f ∈ Hd(Ω), i.e., ϕ ≺ Aϕ . Since Aϕ is Ω-bounded, ϕ ∈ Sb(Ω) and consequently
Sd(Ω) ⊂ Sb(Ω). By Proposition 1.5, if E is a symmetrically regular Banach space, then
Sb(Ω) can be endowed with a Hausdorff topology, which in turn induces a Hausdorff
topology on Sd(Ω).
Proposition 3.7. Let (Ω,p) be a Riemann domain over the symmetrically regular Banach
space E, then (Sd(Ω), q) is a Riemann domain over E′′ and may be identified with an
open subset of (Sb(Ω), q). Moreover, if ϕ is an element of Sd(Ω) and
ϕ ≺ Aϕ :=
k⋃
i=1
BΩ(xi, ri )
for some (xi)ki=1 ⊂ Ω and ri < dΩ(xi), then
dSd(Ω)(ϕ) min
i=1,...,k
(
dΩ(xi) − ri
)
.
Proof. Suppose ϕ ∈ Sd(Ω) is dominated by Aϕ :=⋃ki=1BΩ(xi, ri) for some (xi)ki=1 ⊂ Ω
and ri < dΩ(xi). Let a ∈ E′′ be such that
‖a‖< δ < min
i=1,...,k
(
dΩ(xi)− ri
)
.
By estimates (7) and (8), we have∣∣∣∣ϕ(( d̂nfn!
)
a
)∣∣∣∣ ∥∥∥∥( d̂nfn!
)
a
∥∥∥∥
Aϕ

(‖a‖
δ
)n
‖f ‖Dδ(Aϕ)
for any n ∈ N. Consequently,
∞∑
n=0
∣∣∣∣ϕ(( d̂nfn!
)
a
)∣∣∣∣ ∞∑
n=0
(‖a‖
δ
)n
‖f ‖Dδ(Aϕ) =
δ
δ − ‖a‖‖f ‖⋃ki=1 BΩ(xi,ri+δ).
Thus ϕa is an element of Sd(Ω) for any a ∈ E′′ with ‖a‖ < δ < mini=1,...,k(dΩ(xi) − ri ).
By (5), we have
q(ϕa)− q(ϕ)= wϕa −wϕ = a.
This means that
q
({
ϕa : ‖a‖ δ
})= B(q(ϕ), δ)
and consequently q is a local homeomorphism between Sd(Ω) and E′′. 
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dΩ(x), i.e., δx ∈ Sd(Ω). The proof of the following proposition is similar to the proof of
Proposition 2.2.
Proposition 3.8. If (Ω,p) is a Riemann domain over a symmetrically regular Banach
space E, then the mapping δ is a local homeomorphism from (Ω,p) into Sd(Ω). If δ is
injective, then (Ω,p) is Hd -separated.
Proposition 3.9. Let (Ω,p) denote a Riemann domain over a symmetrically regular Ba-
nach space E. Then
(1) f˜ is an element of Hd(Sd(Ω)).
(2) Sd(Ω) is Hd -separated.
(3) f˜ ◦ δ = f for every f ∈ Hd(Ω).
Proof. The proof of (3) is essentially the same as in Proposition 2.3, and (2) follows from
Proposition 2.3 since Sd(Ω) ⊂ Sb(Ω) and Hb(Ω) ⊂ Hd(Ω). We now prove (1).
If f ∈ Hd(Ω) and ϕ ∈ Sd(Ω), then there exist (xi)ki=1 ⊂ Ω and ri ∈ (0, dΩ(xi)) such
that ∣∣ϕ(f )∣∣ ‖f ‖⋃k
i=1 BΩ(xi,ri )
.
The mapping
Qn : a ∈ E′′ → ϕ
[(
d̂nf
n!
)
a
]
is a continuous n-homogeneous polynomial on E′′. Let
‖a‖< δ < min
i=1,...,k
(
dΩ(xi)− ri
)
.
Then ∣∣∣∣∣f˜ (ϕa)−
m∑
n=0
Qn
(
q(ϕa)− q(ϕ)
)∣∣∣∣∣

∞∑
n=m+1
(‖a‖
δ
)n
‖f ‖⋃k
i=1 BΩ(xi,δ+ri) =
(‖a‖
δ
)m ‖a‖
δ − ‖a‖‖f ‖⋃ki=1 BΩ(xi,δ+ri ).
Hence
sup
a∈B(0,δ)
∣∣∣∣∣f˜ (ϕa)−
m∑
n=0
Qn
(
q(ϕa)− q(ϕ)
)∣∣∣∣∣→ 0
as m → ∞ and by [4, 5.11] f˜ ∈ H(Sd(Ω)).
Next let Bd(ϕ, l) be a ball with centre ϕ and radius l in Sd(Ω) and let f ∈ Hd(Ω). If f˜
is the extension of f to H(Sd(Ω)), then
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ξ∈Bd(ϕ,l)
∣∣ξ(f )∣∣= sup
‖a‖<l
∣∣ϕa(f )∣∣
 sup
‖a‖<l
∣∣ϕa(f )− ϕ(f )∣∣+ ∣∣ϕ(f )∣∣ sup
‖a‖<l
‖a‖ + ‖f ‖⋃k
i=1 BΩ(xi,δ+ri )
= l + ‖f ‖⋃k
i=1 BΩ(xi,δ+ri) < ∞.
Hence f˜ ∈ Hd(Sd(Ω)) and the proof of (1) is complete. 
Suppose E is a separable symmetrically regular Banach space and (Ω,p) is a con-
nected Riemann domain over E. By Proposition 3.2, Hd(Ω) is a Fréchet space, and by
Proposition 3.9, Sd(Ω) is Hd -separated. Thus, we can modify the proof of Proposition 2.4
to obtain the following proposition.
Proposition 3.10. Let (Ω,p) be a connected Riemann domain over a separable symmet-
rically regular Banach space E. The Riemann domain Sd(Ω) is a Hd -domain of holomor-
phy.
We let S˜d (Ω) denote the connected component of Sd(Ω) which contains δ(Ω). If f ∈
Hd(Ω) then there exists a unique f˜ ∈ Hd(S˜d (Ω)) such that f˜ |Ω = f .
In Proposition 3.10 we needed the space E to be separable. In case E is not separable
we can prove a weaker result.
Definition 3.11. Let A be a subset of some Riemann domain Ω , the set
AˆH(Ω) :=
{
ϕ ∈ Ω : ∣∣f (ϕ)∣∣ ‖f ‖A for every f ∈ H(Ω)}
is called the holomorphic hull of A.
Proposition 3.12. Let (Ω,p) be a connected Riemann domain over a symmetrically regu-
lar Banach space E, then (S˜d (Ω), q) is pseudo-convex Riemann domain over E′′.
Proof. By [4, Proposition 5.27], S˜d (Ω) is pseudo-convex if and only if
dS˜d(Ω)
(
KˆH(S˜d (Ω))
)
> 0
for every compact K ⊂ S˜d (Ω). Let ϕ ∈ K , ϕ ≺ Aϕ := ⋃nϕi=1BΩ(xi, ri ), and δϕ :=
infi=1,...,nϕ (dΩ(xi) − ri). The family {BS˜d(Ω)(ϕ, δϕ/2)}ϕ∈K forms an open cover for K ,
so there exist {ϕi}ki=1 such that K ⊂
⋃k
i=1BS˜d(Ω)(ϕi, δi/2), where δi := δϕi . Let f˜ ∈
H˜b(S˜d (Ω)) and B :=⋃ki=1Dδi/2(Ai), it is not difficult to show that ‖f˜ ‖K  ‖f ‖B . Hence
if ξ ∈ KˆHb(Sb(Ω)), then |ξ(f )| = |f˜ (ξ)|  ‖f ‖B . Consequently ξ ≺ B , and by Proposi-
tion 1.5,
dSb(Ω)(ξ) dΩ(B) > 0.
Hence dSb(Ω)(KˆHb(Sd(Ω))) > 0, which implies dS˜d(Ω)(KˆH(S˜d (Ω))) > 0. 
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